Let X be a k-fold homotopy coalgebra of order j with respect to the pair of adjoint functors Σ k and Ω k . We show that, under some connectivity conditions on the map f : Y → X, Y inherits a k-fold homotopy coalgebra structure of the same order for which f is a morphism of homotopy coalgebras. In particular, this holds for skeleta of homotopy coalgebras under some mild assumptions. 
Introduction
The departure point of our work is the following question: given a map f : Y → X into a co-H-space, which structural properties on X are inherited by Y in such a way that f is compatible with these structures? In particular, which of this properties of X are inherited by its skeleta? The problem of whether Y itself admits a co-H-structure that makes f a co-H-map has already been studied in [6, 9, 11] . Indeed, under some dimension and connectivity restrictions on the map f it is proved in [11] that such co-H-structure on Y exists. In particular, skeleta of co-H-spaces are also co-H-spaces. More generally, provided that X is not homotopically trivial and with Lusternik-Schnirelmann category bounded by m, it is shown in [9] that the skeleta of X have also category bounded by m (recall that a space X has category less than or equal to 1 if and only if it is a co-H-space). Basically, the same kind of result from a more functorial point of view has been proven in [6] . In this paper we study whether coassociativity and higher coassociativity on X is inherited by Y . While coassociativity of a co-H-space is a well-known and unambiguous notion, there have been two different approaches to the concept of higher coassociativity. One is dual to the higher associativity of H-spaces introduced by Stasheff through the so-called A n -spaces [16] . This type of coassociativity was introduced by Saito [15] and deeply studied also by Klein et al. [12] . The other approach to higher coassociativity is based in the concept of homotopy coalgebra of some order for a couple of adjoint functors in the homotopy category (see Section 1 for definitions and properties). This appears already in the excellent paper of Ganea [10] and has been further developed by Saito [15] and by Arkowitz and Golasiński [1] where it is shown that a k-fold homotopy coalgebra X of some particular order (closely related to the dimension and connectivity of X) is a k-fold suspension (again see Section 1 for precise definitions). This is the approach we follow to prove our main result: Theorem 1. Let X be a k-fold homotopy coalgebra of order j 1 and let f : Y → X be a map of (n − 1) connected CW-complexes, n 2, k n − 1, for which dim Y max{conn f − j, (j + 1)n − (k + 1)j }. Then, Y has an structure of k-fold homotopy coalgebra of order j for which f is a morphism of homotopy coalgebras.
From this we can easily obtain sufficient conditions for skeleta of k-fold homotopy coalgebras to inherit this type of structure. Indeed, denoting by X (m) → X the inclusion of the m-skeleton of a given complex, we have: Corollary 1. Let X be an (n − 1)-connected k-fold homotopy coalgebra of order j 1, k n − 1, and let m be any integer for which either:
Then, X (m) admits a homotopy coalgebra structure of order j for which the inclusion X (m) → X is a homotopy coalgebra morphism.
Finally, from Theorem 1 we can also extract consequences on the classical problem of detecting k-fold suspensions. In fact, the result [1, Theorem 2.4], extending other results of Berstein and Hilton [3] and Saito [15] , states that under some dimension and connectivity assumptions, a k-fold homotopy coalgebra has the homotopy type of a k-fold suspension. With this and corollary above we can detect k-fold suspensions among skeleta of any dimension k-fold homotopy coalgebras: Corollary 2. Let X be a (n − 1)-connected k-fold homotopy coalgebra of order j 1, k n − 1, and let m be any integer for which either:
Then, X (m) has the primitive homotopy type of a k-fold suspension and the inclusion X (m) → X is a co-H-map.
In particular, for k = j = 1 and with the help of a deep result of Ganea [10] , we can go a step further and relax the dimension hypothesis to deduce the following: Recall that a co-H-space X has the primitive homotopy type of a suspension if the homotopy equivalence relating X and the suspension is a co-H-map with respect to the comultiplication on X and the suspension co-H-structure. The departure point of this paper is the notion of homotopy coalgebra which is introduced for any pair of adjoint functors on the homotopy category HoC of a pointed closed model category C. Hence, the results above can also be obtained in such a homotopy category, where Σ k and Ω k are well defined adjoint functors [14] . In the next section we set notations, properly define homotopy coalgebras and list some of their properties. In Section 2 we prove all the results stated in this introduction.
Homotopy coalgebras: basic facts and properties
Here we introduce the concept of homotopy coalgebra as in [1] (see also [8, 10, 15] ). Although our main interest lies within the framework of the homotopy category of well based topological spaces, the notion of homotopy coalgebra of some order can be defined in a more general setting, namely in the homotopy category HoC of any pointed closed model category C, where weak equivalences are homotopy equivalences. Let us be more explicit:
Recall that in the category of well based spaces Top * the original notion of homotopy pullback [5] of two maps
can be characterized in terms of a "weak universal property" as follows [13] :
with H :
←− C when it satisfies the following weak universal property: for any homotopy commutative diagram
with G : gf 2 fg 2 , the following holds:
(a) there exists a map ω :
and homotopies K :
On the other hand, the notion of homotopy pullback can be extended to any pointed closed model category C [2, 4, 7] . However, this extended notion coincides with the above definition-characterization if the weak equivalences in C are also homotopy equivalences, which does not always occur.
Hence, as we shall heavily rely on the definition above, we will introduce homotopy coalgebras in the homotopy category HoC of a pointed closed model category C in which weak equivalences are homotopy equivalences. For completeness, recall [14, Theorem 1] that HoC, whose objects are the ones of C and in which the weak equivalences have been formally inverted, is equivalent to the category whose objects are the cofibrant objects of C and whose morphisms are homotopy classes of morphisms of C. Under this point of view, commutative diagrams and equality of morphisms shall mean up to homotopy. 
is the identity map on X. From now on we denote ε i = ε X • F (p i ), so that ε i • γ i = 1 X . Note also that ε j +1 can be defined even though γ j +1 may not exist; (ii) the following diagram commutes:
We simply call this a homotopy coalgebra structure of order j , omitting any reference to the functors F and G, whenever these are unambiguously determined. Note that a homotopy coalgebra of order j has also homotopy coalgebra structures of order i for 1 i j . Following [1] , the maps γ 0 , . . . , γ j are called structure maps. 
Remark 1.
In [1, Proposition 15] it is proved that for any pair of adjoint functors F and G, any object X ∈ HoC and any j 1, F X has an structure of homotopy coalgebra of order j . Moreover, the structure maps γ j : F X → F D j F X can be chosen to be in the image of F , i.e., γ j = F α j for some α j : X → D j F X.
As we said before, we are mainly interested in the based homotopy category of topological spaces, where we shall be working from now on. Therefore, equality of maps and commutative diagrams shall mean so up to homotopy. In particular, we shall focus on the classical adjoint functors Σ k and Ω k given by k-fold suspension and looping respectively. In this context, given a space X, a Σ k Ω k -homotopy coalgebra structure of order j will be called a k-fold homotopy coalgebra structure of order j , or simply a k-homotopy coalgebra of order j . Observe that in this case
Recall also [10] that a co-H-structure on a space X is equivalent to the existence of a structure map γ 1 : X → ΣΩX for which ε 1 • γ 1 = 1 X . Moreover, X is a coassociative co-H-space if and only if it has a 1-fold homotopy coalgebra structure of order 1 (we call it simply a homotopy coalgebra structure henceforth).
In view of Remark 1 above, we have in particular that k-fold suspensions have k-fold homotopy coalgebra structures of any order.
Since dimension and connectivity will play an important role in what follows, recall that a map f : X → Y is an n-equivalence or it has connectivity n, we write conn f = n, if this is the largest integer (or infinite) for which π i (f ) is an isomorphism, i < n, and π n (f ) is surjective. Observe that a space X is n-connected (denoted conn X = n) if and only if the constant map X → * has connectivity n + 1. Note also that, for any map f , conn F = conn f − 1, being F the homotopy fiber of F .
Finally, given a k-fold homotopy coalgebra structure of order j on X, it will be helpful in the sequel to keep track of the connectivity of the maps ε i , i = 1, . . . , j + 1. This is done by the following result:
Maps into k-fold homotopy coalgebras
In this section we prove our main results and extract some of its consequences. Theorem 1. Let X be a k-fold homotopy coalgebra of order j 1 and let f : Y → X be a map of (n − 1) connected CW-complexes, n 2, k n − 1, for which dim Y max{conn f − j, (j + 1)n − (k + 1)j }. Then, Y has an structure of k-fold homotopy coalgebra of order j for which f is a morphism of homotopy coalgebras.
To prove this we shall need the following:
Lemma 2. Consider the following homotopy commutative cube
where the front and back faces are homotopy pullbacks and ψ, ρ, ω are n-equivalences. Then, ϕ is an (n − 1)-equivalence.
Proof. Choose homotopy fibres in the front and back rows of the diagram above to get the diagram
Now, considering long exact homotopy sequences, ε is an n-equivalence since ρ and ω are. Thus, ϕ is an (n − 1)-equivalence. 2
Proof of Theorem 1. We proceed by induction on j . Namely, for a fixed k n − 1, we shall define structure maps
. . , j which makes Y a homotopy coalgebra of order j and such that the following diagrams commute for i j :
Here the maps D i f : D i Y → D i X are as constructed in Definition 3. Moreover, we shall prove also by induction that 
, via the weak universal property of the homotopy pullback, so that the following diagram commutes
Hence, by Lemma 2 applied to the cube above, conn
On the other hand, consider F j X the homotopy fiber of ε j : Σ k D j X → X and F j f : F j Y → F j X the induced map so that the following commutes:
Next, consider the diagram
where the square is a homotopy pullback and α, β, are given by the weak universal property of this homotopy pullback. From this we observe that this diagram
also commutes and, since both rows are fibration sequences, it follows that
But, in view of diagram (1),
On the other hand, conn F j Y = conn ε j − 1 (the same applies for F j X) which, by Lemma 1, is bounded below by
Combining Eqs. (4), (5) and (6) we obtain that
Recall that, for CW-complexes, the obstruction to the existence of a homotopy lifting of f : A (n) → B through g : C → B lives in the cohomology group H n (A; π n−1 F ) being F the homotopy fibre of g and A (n) the n-skeleton of A. In particular, if dim A conn g such a lift always exists. In view of diagram (2) it is obvious that ε j γ j = 1 Y . This diagram also helps to check that this square
commutes. In fact,
To finish the proof of our theorem we still have to show that the following commutes:
We see that this is the case after composing with Σ k Ω k Σ k D j f . Indeed, observe that in the following diagram all the faces (except the back one) are commutative:
Therefore,
Next observe that, by diagram (1) conn
If this is attained by conn f we have
If, on the other hand, this minimum is reached by conn F j f , then
In any case, it follows that dim Y conn Σ k Ω k Σ k D j f − 1. Hence, applying obstruction theory to Eq. (7) we get that
and Y is then a k-fold homotopy coalgebra of order j for which f is a morphism of homotopy coalgebras.
Recall that, for CW-complexes, given maps f, h : A → C and g : C → B for which gf gh, the obstruction for f | A (n) h| A (n) lives in H n (A; π n F ) being F the homotopy fibre of g. In particular, if dim A conn g − 1 any two such maps are homotopic. 2
In particular, considering f m : X (m) → X the inclusion of the m-skeleton of the complex X, we obtain the following consequences: Corollary 1. Let X be an (n − 1)-connected homotopy coalgebra of order j 1, k n − 1, and let m be any integer for which either
Then, X (m) admits a homotopy coalgebra structure of order j for which the inclusion X (m) f m → X is a homotopy coalgebra morphism.
Proof. Indeed, observe that if m satisfies (ii) then conn f m = conn f m+j = m + j . Hence, apply Theorem 1 to f m and the corollary follows. 2
As we remarked in the Introduction a direct application of this consequence, together with a result of Arkowitz and Golasiński [1] , helps us to keep track of k-fold suspensions among skeleta of homotopy coalgebras of any dimension: Corollary 2. Let X be a (n − 1)-connected k-fold homotopy coalgebra of order j 1, k n − 1, and let m be any integer for which either: (i) m (j + 1)n − (k + 1)j or (ii) (j + 1)n − (k + 1)j < m (j + 2)n − (j + 1)k − j and X (m) = X (m+j) for some cellular decomposition of X.
Then, X (m) has the primitive homotopy type of a k-fold suspension and the inclusion X (m) → X is a co-H-map.
Recall that a co-H-space Y has the primitive homotopy type of a suspension if the homotopy equivalence relating both spaces is a co-H-map with respect to the suspension comultiplication and the given co-H-structure on Y .
Proof. By Corollary 1 above we deduce that X (m) admits a k-fold homotopy coalgebra structure for which the inclusion X (m) → X is a coalgebra morphism. To finish we apply [1, Theorem 2.4] by which a (n − 1)-connected k-fold homotopy coalgebra of dimension (j + 2)n − (j + 1)k − j has the primitive homotopy type of a k-fold suspension. 2
Finally, for k = j = 1 we can relax the dimension assumption and complete a result of Ganea [10] . Proof. Again by Corollary 1 applied to j = 1 we deduce that X (m) admits a coassociative co-H-structure for which the inclusion X (m) → X is a co-H-map. To finish, apply [10, Theorem 3.3] by which a (n − 1)-connected complex of dimension 4n − 5 has the primitive homotopy type of a suspension if and only if it is a coassociative co-H-space. 2
